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In this work, we have considered a n−dimensional Schwarzschild-Tangherlini black hole spacetime
with massless minimally coupled free scalar fields in its bulk and 3−brane. The bulk scalar field
equation is separable using the higher dimensional spherical harmonics on (n − 2)−sphere. First,
using the Hamiltonian formulation with the help of the recently introduced near-null coordinates
we have obtained the expected temperature of the Hawking effect, identical for both bulk and brane
localized scalar fields. Second, it is known that the spectrum of the Hawking effect as seen at
asymptotic future does not correspond to a perfect black body and it is properly represented by a
greybody distribution. We have calculated the bounds on this greybody factor for the scalar field in
both bulk and 3−brane. Furthermore, we have shown that these bounds predict a decrease in the
greybody factor as the spacetime dimensionality n increases and suggest that for a large number of
extra dimensions the Hawking quanta is mostly emitted in the brane.
PACS numbers: 04.62.+v, 04.60.Pp
I. INTRODUCTION
In 1975 Hawking [1] predicted that semi classically
black holes can also radiate particles, which is known as
the Hawking effect. The Hawking effect is one of the most
remarkable results of quantum field theory in curved
spacetime, considered to be the cornerstone in under-
standing the black hole thermodynamics [2–4]. Usually
Hawking effect is understood using Bogoliubov transfor-
mation between ingoing and outgoing field modes, which
are described in terms of the null coordinates. Therefore,
to provide a Hamiltonian based derivation of the Hawk-
ing effect one faces the basic hurdle that these null coor-
dinates do not account for the dynamics of the spacetime
and the construction of a non trivial field Hamiltonian is
not possible using these coordinates. To overcome this
difficulty in our previous work [5] we have introduced a
set of near-null coordinates which possess spacelike and
timelike properties, and enables one to formulate the
Hamiltonians for the study of the Hawking effect.
It is believed that inclusion of extra spatial dimensions
in a spacetime have the potential of solving the hierarchy
problem [6–11], which is related to the issue concerning
the huge difference between the gravitational scale and
Electro-Weak scale. Although experimental observation
of the higher dimensional microscopic black holes are not
yet verified in the latest state of the art particle colliders
(LHC), these black holes remain interesting arenas to
venture in for their enthralling properties coming from
the extra dimensions.
In this work we are going to consider a n−dimensional
spherically symmetric static black hole spacetime,
which is a higher dimensional generalization for the
usual Schwarzschild black hole, better known as the
∗Electronic address: sb12ip007@iiserkol.ac.in
Schwarzschild-Tangherlini [12] spacetime. Then we have
considered scalar field both in the Bulk and in 3−brane.
The introduction of extra spatial dimensions changes the
linear relation between the radius of the event horizon
and the mass of the black hole, and it also has a signa-
ture in the surface gravity of the event horizon. Then
the temperature corresponding to the Hawking effect
gets modified. In this work we are going to provide a
Hamiltonian based derivation of the Hawking effect in
this n−dimensional Schwarzschild-Tangherlini black hole
spacetime using the near-null coordinates [5, 13, 14].
Furthermore, the spectrum of the Hawking radiation
as seen by an asymptotic observer is not a complete black
body distribution and it is properly described by a grey-
body distribution. The greybody factor is obtained from
the transmission amplitude as the field modes pass from
near horizon region to an asymptotic observer through
the effective potential, created due to the spacetime ge-
ometry. Estimation of this greybody factor is a very dif-
ficult job and often utilises various approximations like
evaluating the greybody factors particularly in asymptot-
ically low or high frequency regimes [15–23]. Sometimes,
one is forced to take the extremal limit to evaluate these
quantities [24–26]. Otherwise, one can take numerical
approaches to estimate these greybody factors [18, 27–
33]. On the other hand one can also evaluate the bounds
on these greybody factors [34–36], which have the advan-
tages of providing analytical results even for intermediate
frequency regimes and for all angular momentums [37–
43]. We are going to estimate this bound on the greybody
factor for scalar fields both in the bulk and in 3−brane of
the Schwarzschild-Tangherlini black hole spacetime. It is
generally believed that for large number of extra dimen-
sions, most of the energy corresponding to the Hawking
effect is radiated in the brane [27, 44, 45]. We intend
to verify this phenomena from the bound on the grey-
body factors and also understand the dependence of this
bound on the spacetime dimensionality n [46].
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2In section II we start with an introduction to the
Schwarzschild-Tangherlini black hole spacetime. Then
we consider a massless minimally coupled free scalar field
both in the bulk and also in the 3−brane of the higher
dimensional spacetime. It is observed that the field equa-
tion in the bulk is separable in terms of the radial and
angular coordinates using the higher dimensional spher-
ical harmonics on (n − 2)−dimensional sphere. We also
notice that both the bulk and brane scalar field action can
be transformed to a (1+1) dimensional reduced form. In
the subsequent section III we first define the near-null co-
ordinates and then using these coordinates provide the
formulation for the canonical derivation of the Hawk-
ing effect. In section IV we give a Hamiltonian based
derivation of the Hawking effect in the Schwarzschild-
Tangherlini black hole spacetime. In the subsequent sec-
tion V we evaluate the bounds on the greybody factor,
and discuss the results in section VI.
II. SCHWARZSCHILD-TANGHERLINI BLACK
HOLE SPACETIME
Higher dimensional black holes have their own rele-
vance in brane world models and string theory where
large extra spatial dimensions can exist, [24, 47–50]. The
statistical counting of entropy was first provided in string
theory for a 5-dimensional black hole [51]. In this section
we are going to discuss the Schwarzschild-Tangherlini
(ST) black hole spacetime [12], which is a higher di-
mensional generalization of the (3 + 1)−dimensional
Schwarzschild black holes.
A. Metric and horizon of the ST black hole
The generalization of the four dimensional
Schwarzschild black holes to higher dimensions, say
n−dimensions, is described by the Schwarzschild-
Tangherlini line-element [9, 27, 38, 52–56], given by
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2dΩ2n−2 , (1)
which satisfies the n−dimensional vacuum Einstein’s
equations. Here dΩ2n−2 denotes the metric on a (n −
2)−dimensional unit sphere. The function f(r) is given
by
f(r) = 1−
(rH
r
)n−3
, (2)
where
rH =
[
16GM
(n− 2)η˜n−2
] 1
n−3
; η˜n−2 =
2pi
n−1
2
Γ
(
n−1
2
) , (3)
and G = 1/Mn−2Pl is the (n − 2) dimensional Newton
constant. Here η˜n−2 denotes the volume of the unit (n−
2) dimensional sphere. We note that r = rH describes
the position of the event horizon. From Eqn. (1) and (2)
we also observe that when n = 4 the metric reduces to
the 4−dimensional Schwarzschild metric. On the other
hand from Eqn.(3) we notice that the radius of the event
horizon is not linearly related to the mass of the black
hole for n > 4.
The metric on the 3−brane is obtained by fixing the
angular coordinates, which represent the excess dimen-
sions in addition to the (3 + 1)−dimensional spacetime.
In our case we have fixed the coordinates θi = pi/2 with
i from 1 to (n − 4). The line element on the brane is
expressed as
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2dΩ22 , (4)
where dΩ22 denotes the line element on a unit two sphere,
with f(r) and rH given by the same previous expressions.
In ST black hole spacetime the tortoise coordinate r? is
obtained from
dr?
dr
=
1
f(r)
=
n− 2
2(n− 3) +
rH
(n− 3)(r − rH) + g
′(r − rH) ,(5)
where g′(r − rH) is a polynomial function of (r − rH)
such that g′(0) = 0 and it is assumed to represent the
derivative of g(r−rH) with respect to r. Then with suit-
able choice of integration constant the tortoise coordinate
becomes
r? =
n− 2
2(n− 3)r+
rH
(n− 3) ln
(
r
rH
− 1
)
+g(r−rH) . (6)
The expression of the tortoise coordinate from Eqn. (6)
is crucial to get a relation between the spatial near-null
coordinates for the two observers corresponding to the
Hawking effect. Furthermore, this relation in the limit
r → rH determines the spectrum of the Hawking effect.
B. Reduced scalar field action
We consider a massless minimally coupled free scalar
field Φ(x) in n−dimensional ST black hole spacetime
with the action given by
SΦ =
∫
dnx
[
−1
2
√−ggµν∇µΦ(x)∇νΦ(x)
]
. (7)
We first consider the scalar field in the bulk and the
corresponding line element is taken from Eqn. (1).
In n−dimensional spacetime the coordinates xµ are
(t, r, θ1, ..., θn−2) where 0 ≤ θn−2 ≤ 2pi and 0 ≤ θi ≤ pi,
for i = 1, ..., n− 3. In ST black hole spacetime the deter-
minant of the metric tensor g provides
√−g = rn−2 sinn−3 θ1 sinn−4 θ2... sin θn−3 . (8)
3The components of the inverse metric are g00 = −1/f(r),
g11 = f(r), g22 = 1/r2, g33 = 1/
(
r2 sin2 θ1
)
,...,
gn−1,n−1 = 1/
(
r2 sin2 θ1... sin
2 θn−3
)
. We assume the
field decomposition Φ(x) =
∑
l,m ϕ˜lm(t, r) Y
n
lm(Ω),
where Y nlm(Ω) is the spherical harmonics on the (n −
2)−dimensional sphere. Then the action from Eqn. (7)
becomes
SΦ =
1
2
∫
dtdrdθ1...dθn−2
√−g
[
1
f
(∂tΦ)
2 − f(∂rΦ)2
− 1
r2
{
(∂θ1Φ)
2 +
(∂θ2Φ)
2
sin2 θ1
+ ...+
(∂θn−2Φ)
2
sin2 θ1... sin
2 θn−3
}]
=
∑
l,m
∫
dtdr?
rn−2
2
[
(∂tϕ˜lm)
2 − (∂r? ϕ˜lm)2
+
Anlm
r2
ϕ˜2lm
]
, (9)
where the angular integrals are carried out and Anlm is
the eigen-value of the n−dimensional spherical harmonics
equation [57]. We further assume ϕ˜lm = ϕlm(t, r)/r
n−2
2
then the action reduces to SΦ =
∑
lm Slm, where
Slm =
1
2
∫
dtdr?
[
(∂tϕlm)
2 − (∂r?ϕlm)2
+
(n− 2)f
r
ϕlm∂r?ϕlm −
fϕ2lm
r2
{
f
(
n−2
2
)2 −Anlm}] .
(10)
For a brane localized scalar field the line element is taken
from Eqn. (4) and action for the scalar field is defined
by the same Eqn. (7) with n = 4. Then performing
a similar field decomposition, however this time with
respect to the spherical harmonics on two sphere and
ϕ˜lm = ϕlm(t, r)/r, we shall obtain the action after the
angular integrals are carried out, as
Slm =
1
2
∫
dtdr?
[
(∂tϕlm)
2 − (∂r?ϕlm)2
+
2f
r
ϕlm∂r?ϕlm −
fϕ2lm
r2
{
f −A4lm
}]
.
(11)
Now in the asymptotic regions, i.e. near scriminus I −
and scriplus I + we have r → ∞, on the other hand at
the event horizon f(rH) = 0. Then in asymptotic regions
and in regions near the horizon the above actions from
Eqn. (10) and Eqn. (11) simplifies to
Slm ' 1
2
∫
dtdr?
[
(∂tϕlm)
2 − (∂r?ϕlm)2
]
, (12)
which represents the action corresponding to a (1 + 1)
dimensional flat Minkowski spacetime. This reduction
enables one to utilize the techniques of field theory from
standard flat spacetime to these specific regions of the ST
black hole spacetime. The ST metric is independent of
time, thus the spacetime is time translation invariant and
one may express the field mode ϕlm(t, r?) = e
iωtψlm(r?).
Then from Eqn. (10) and Eqn. (11) one can find out the
corresponding equation of motions as
∂2r?ψlm +
[
ω2 − V(r)]ψlm = 0 , (13)
with the potential for the field in the bulk, given by
V(r) = f(r)
[
(n− 2)(n− 4)f(r)
4r2
+
(n− 2)f ′(r)
2r
− A
n
lm
r2
]
,
(14)
and the potential for the brane localized scalar field
V(r) = f(r)
[
f ′(r)
r
− A
4
lm
r2
]
, (15)
where f ′(r) denotes differentiation of f(r) with respect
to r. We also mention that the eigen-value of the
n−dimensional spherical harmonics [57, 58] is given by
Anlm = −l(l + n− 3).
C. Number density of Hawking quanta at I +
The field equation corresponding to the action (12) has
solutions given by
ϕlm ∼ 1√
2piω
e−iω(t±r?) . (16)
Therefore the field modes near past null infinity, near
future null infinity and near the horizon have character-
istics of plane waves. In this work and as also discussed in
the original work by Hawking the black hole is assumed
to be formed through the collapse of matters, where the
initial spacetime in the past is described by a Minkowski
metric. On the other hand the final metric is denoted by
respective black hole spacetime. It is generally accepted
that this dynamical nature of the spacetime metric gen-
erates the notion of particle creation. However, for a
derivation of the Hawking radiation it is not necessary
to understand the details of the collapse. In particu-
lar, according to Hawking the Bogoliubov transforma-
tion between the modes at past null infinity I − and the
outgoing modes which have just escaped the creation of
the black hole provide the Planckian distribution of the
Hawking effect. For a massless minimally coupled free
scalar field described by the action (7) the corresponding
number density of Hawking quanta is
Nω =
1
e2piω/κH − 1 , (17)
where κH is the surface gravity at the event horizon and
ω corresponds to the frequency of the wave mode. The
field modes then pass through the black hole spacetime to
be observed by an asymptotic observer near future null
infinity I +. We have seen from Eqn. (13) that there
4is a potential barrier between the horizon and the spa-
tial infinity at I +. Then because of this potential bar-
rier, spectrum of the Hawking radiation observed at I +
would also get modified and the above mentioned black
body distribution transforms to a Greybody distribution.
The transmission probability through the potential bar-
rier denotes the greybody factor and the number density
corresponding to the Hawking quanta at I + becomes
Nω =
Γ (ω)
e2piω/κH − 1 , (18)
where Γ (ω) denotes the greybody factor, which generally
depends on the frequency ω of the outgoing modes and
on the black hole parameters.
III. CANONICAL FORMULATION
Usually, the Bogoliubov transformation between in-
going and outgoing field modes, expressed in terms of
the null coordinates v and u, generates the Hawking ef-
fect. However, these null coordinates do not describe
the dynamics of the system, and one cannot construct
true matter field Hamiltonian out of them. To over-
come this difficulty we consider the recently introduced
near-null coordinates [5]. Using these near-null coordi-
nates the Hamiltonians for the two observers O− and
O+, which are located respectively near the past null in-
finity I − and near the horizon, are formed. We mention
that two different time-independent metrics correspond
to the spacetimes for these two observers, with the one
near the event horizon developed through the collapse of
a matter shell. This dynamical nature of the spacetime,
which evolves from being n−dimensional Minkowski to
n−dimensional Schwarzschild, directly governs particle
creation in curved spacetime. We note that in [5], the ob-
server O+ was assumed to be stationed near I +, which
was reasonable as there we did not consider the grey-
body factors and the spectrum of the Hawking effect near
the horizon was regarded to be the spectrum seen by an
asymptotic observer.
A. The observers O− and O+
1. Near-null coordinates
Here we define a set of near-null coordinates by slightly
deforming the null coordinates [5, 13, 14]. In particular
for observer O− we define the near-null coordinates as
τ− = t− (1− )r? ; ξ− = −t− (1 + )r? , (19)
where   2 is considered to be a small parameter.
Similarly, we define the near-null coordinates for observer
O+, as
τ+ = t+ (1− )r? ; ξ+ = −t+ (1 + )r? . (20)
We note that timelike characteristics of coordinates τ−
and τ+ are preserved in the whole range 0 <  < 2 of
the parameter , though for convenience this parameter
is considered to be small in our case.
2. Field Hamiltonian
We are considering the black hole to be formed by the
collapse of matters with the spacetime for the observer
O− near I − being flat Minkowskian. Then for the past
observer O−, the (1 + 1) dimensional reduced spacetime
is described by the Minkowski metric ds2 = −dt2 +dr2? =
−dt2 + dr2. On the other hand, for the future observer
O+ near the horizon, the black hole is already formed,
and the (1 + 1) dimensional reduced spacetime can be
expressed by the metric ds2 = −dt2 + dr2?. Using the
near-null coordinates (20) and (19), the invariant line-
elements for observers O+ and O− become
ds2± =

2 [−dτ2±+dξ2±+ 2dτ±dξ±] ≡ 2 g0µνdxµ±dxν± , (21)
where flat metric g0µν is conformally transformed. Then
for both of the observers the reduced scalar field action
(12) can be expressed as
Sϕ =
∫
dτ±dξ±
[
− 12
√
−g0g0µν∂µϕ∂νϕ
]
. (22)
From Eqn. (21) we observe that the lapse function N =
1/, shift vector N1 = 1/ and determinant of the spatial
metric q = 1. Then the scalar field Hamiltonians for
observers O+ and O− can be written as
H±ϕ =
∫
dξ± 1
[{
1
2Π
2 + 12 (∂ξ±ϕ)
2
}
+ Π ∂ξ±ϕ
]
. (23)
From this Eqn. (23) we observe that when  = 0, the
Hamiltonians become ill-defined, which signifies the ne-
cessity of having near-null coordinates to construct the
Hamiltonians. Using Hamilton’s equation, the field mo-
mentum Π can be expressed as
Π(τ±, ξ±) =  ∂τ±ϕ− ∂ξ±ϕ , (24)
which satisfies a Poisson bracket with the field ϕ, as
{ϕ(τ±, ξ±),Π(τ±, ξ′±)} = δ(ξ± − ξ′±) . (25)
3. Fourier modes
We consider finite fiducial boxes in the intermediate
steps of calculations for both of the observers to avoid
dealing with formally divergent spatial volumes
∫
dξ±
√
q,
where
√
q = 1. The finite volumes are given by
V± =
∫ ξR±
ξL±
dξ±
√
q = ξR± − ξL± . (26)
5Subsequently, we define the respective Fourier modes of
the scalar field and the conjugate momentum for the ob-
servers O+ and O− as
ϕ(τ±, ξ±) = 1√
V±
∑
k
φ˜±k e
ikξ± ,
Π(τ±, ξ±) = 1√
V±
∑
k
√
q p˜i±k e
ikξ± , (27)
where φ˜±k = φ˜
±
k (τ±), p˜i
±
k = p˜i
±
k (τ±) are the complex-
valued mode functions. The finite volumes of the fidu-
cial boxes lead to the definition of Kronecker delta
and Dirac delta as
∫
dξ±
√
qei(k−k
′)ξ± = V±δk,k′ and∑
k e
ik(ξ±−ξ′±) = V±δ(ξ± − ξ′±)/
√
q . The definition of
these two deltas together imply k ∈ {ks} where ks =
2pis/V± with s being a nonzero integer. These definitions
help us to express the scalar field Hamiltonians (23) in
terms of the Fourier modes as H±ϕ =
∑
k
1

(H±k +D±k )
where the Hamiltonian densities and diffeomorphism gen-
erators are
H±k = 12 p˜i±k p˜i±−k + 12k2φ˜±k φ˜±−k , (28)
and
D±k = − ik2 (p˜i±k φ˜±−k − p˜i±−kφ˜±k ) , (29)
respectively. The corresponding Poisson brackets are
{φ˜±k , p˜i±−k′} = δk,k′ . (30)
The number density corresponding to Hawking quanta
will be obtained from the expectation value of the Hamil-
tonian density operator for the field modes of the observer
O+ in the vacuum state of observer O−.
B. Relation between Fourier modes
It can be shown that the Fourier components of the
scalar field and its conjugate momentum for the two ob-
servers maintain relations among themselves, analogous
to the Bogoliubov transformation, given by
φ˜+κ =
∑
k
φ˜−k F0(k,−κ) ; p˜i+κ =
∑
k
p˜i−k F1(k,−κ) , (31)
where the Fourier modes are considered on fixed spatial
hyper-surfaces. The coefficient functions Fn(k, κ), where
n = 0, 1, are obtained from the relation ϕ(τ−, ξ−) =
ϕ(τ+, ξ+), as the field is scalar, and the relation
Π(τ+, ξ+) = (∂ξ−/∂ξ+)Π(τ−, ξ−) [5] between the field
momentums. We note that for k, κ > 0 the coefficient
functions Fn(−k,−κ) are analogous to the Bogoliubov
mixing coefficients βωω′ whereas Fn(k,−κ) are analogous
to the Bogoliubov coefficients αωω′ of [1]. The expression
of these coefficient functions Fn(k, κ) are given by
Fn(k, κ) =
1√
V−V+
∫
dξ+
(
∂ξ−
∂ξ+
)n
eikξ−+iκξ+ . (32)
Using this mathematical expression of the coefficient
functions one can obtain a relation
F1(±k, κ) = ∓
(
κ
k
)
F0(±k, κ) , (33)
which indicates evaluating only F0(±k, κ) is sufficient for
the subsequent analysis.
C. Consistency condition and relation between
Hamiltonian densities and diffeomorphism
generators
The coefficient functions F0(±k, κ) satisfy a relation
among themselves, which results from the simultane-
ous satisfaction of the two different Poisson brackets
{φ˜−k , p˜i−−k′} = δk,k′ and {φ˜+κ , p˜i+−κ′} = δκ,κ′ . Using the
Eqn. (33) this relation can be expressed as
S−(κ)− S+(κ) =
∑
k>0
κ
k
[|F0(−k, κ)|2 − |F0(k, κ)|2] = 1 .
(34)
This relation is analogous to the consistency condition
between Bogoliubov coefficients [59]. Using relations (31)
and (33) one can express the Hamiltonian density H+κ for
the observer O+ in terms of the Hamiltonian density H−k
of the observer O− as
H+κ = h1κ +
∑
k>0
(κ
k
)2
[|F0(−k, κ)|2 + |F0(k, κ)|2] H−k ,
(35)
where h1κ =
∑
k 6=k′(κ
2/2kk′)F0(k,−κ)F0(−k′, κ){p˜i−k p˜i−−k′+
kk′φ˜−k φ˜
−
−k′}. h1κ being linear in φ−k and its conjugate
momentum, the vacuum expectation value of its quan-
tum counterpart vanishes. Similarly, the diffeomorphism
generators of the two observers can be related as
D+κ = d1κ +
∑
k>0
(κ
k
)2
[|F0(−k, κ)|2 + |F0(k, κ)|2] D−k ,
(36)
where d1κ =
∑
k 6=k′(iκ
2/2k) {F0(−k, κ)F0(k′,−κ) p˜i−−kφ˜−k′−
F0(k,−κ)F0(−k′, κ) p˜i−k φ˜−−k′} which is also linear in field
mode and its conjugate momentum.
D. Fock quantization and the vacuum state
We define real-valued field modes out of the complex
valued Fourier modes φ˜k = φ˜
∗
−k by suitably choosing the
real-valued parts [5, 60], such that this newly defined
filed modes are all independent. Then the Hamiltonian
density represent simple harmonic oscillators as
H±k =
1
2
pi2k +
1
2
k2φ2k , {φ2k, pi2k′} = δk,k′ , (37)
and the diffeomorphism generator vanish D−k = 0, where
φk and pik are the redefined real-valued field modes. Now
6we restrict ourselves with the modes where k, κ > 0
and for the considered massless scalar field the mode
frequency can be identified as ω = k. For kth oscil-
lator mode the energy spectrum is given by Hˆ−k |nk〉 =
(Nˆ−k +
1
2 )k|nk〉 = (n+ 12 )k|nk〉 where Nˆ−k is the number
operator, |nk〉 represent eigen-states with integer eigen-
values. We realize the Hawking effect by computing the
expectation value of the Hamiltonian density operator
Hˆ+κ ≡ (Nˆ+κ + 12 )κ corresponding to the observer O+ in
the vacuum state |0−〉 = Πk|0k〉 corresponding to the
observer O−. Therefore, the expectation value of the
number density operator corresponding to the Hawking
quanta of frequency ω = κ, using the Eqn. (34) and Eqn.
(35), can be expressed as
Nω = Nκ ≡ 〈0−|Nˆ+κ |0−〉 = S+(κ) , (38)
where we have used 〈0k|φˆk|0k〉 = 0 and 〈0k|pˆik|0k〉 = 0.
IV. THE HAWKING EFFECT FOR
SCHWARZSCHILD-TANGHERLINI BLACK
HOLES
In actual derivation of the Hawking effect it was shown
that there is a logarithmic relation between the ingoing
and outgoing null coordinates in a black hole spacetime,
which is crucial to get the thermal distribution of the
Hawking effect. In canonical formulation we are going to
obtain a similar relation between the spatial near-null co-
ordinates of the two observers, which produces the num-
ber density for Hawking quanta in an analogous manner.
A. Relation between spatial coordinates ξ− and ξ+
In order to establish the relation between the coor-
dinates ξ− and ξ+, following [5], we consider a pivotal
point ξ0− on a τ− = constant hyper-surface. A spacelike
interval on this hyper-surface can be written as
(ξ− − ξ0−)|τ− = 2(r0? − r?)|τ− = 2(r0 − r)|τ− ≡ ∆ , (39)
where r0 is a pivotal value corresponding to ξ0−. In de-
riving Eqn. (39) we have used fact that for the observer
O− the spacetime was Minkowskian. In a similar manner
using the expression of the tortoise coordinate from Eqn.
(6) we can express a spacelike interval on a τ+ = constant
hyper-surface as
(ξ+ − ξ0+)|τ+ =
n− 2
2(n− 3)∆ +
1
κH
ln
(
1 +
∆
∆0
)
+2 g
(
∆ + ∆0
2
)
− 2 g
(
∆0
2
)
,(40)
where ∆0 ≡ 2(r0 − rH)|τ+ and κH is the surface grav-
ity at the event horizon. Further, we have identified the
interval 2(r− r0)|τ+ as ∆ using geometric optics approx-
imation. We choose the pivotal values ξ0− = ∆0 and
ξ0+ =
n−2
2(n−3)ξ
0
−+
1
κH ln(κHξ
0
−)+2 g(ξ
0
−/2). These choices
lead to the relation
ξ+ =
n− 2
2(n− 3)ξ− +
1
κH
ln(κHξ−) + 2 g
(
ξ−
2
)
. (41)
The modes that give rise to the Hawking radiation, travel
out from the region very close to the horizon and for them
κHξ−  1. Consequently for these modes, the relation
(41) can be approximated as
ξ+ ≈ 1κH ln(κHξ−) . (42)
We note from the Eqn. (42) that the full domain of the
coordinate ξ+ is (−∞,∞) whereas it is (0,∞) for ξ− i.e.
the domains are the same as implied by the Eqn. (41).
However, as mentioned earlier, we shall restrict ourselves
within a finite fiducial box during the intermediate steps
in our analysis.
B. Evaluation of coefficient functions F0(±k, κ)
From the Eqns. (34) and (38) we observe that the con-
sistency condition and the number density of the Hawk-
ing quanta both require the expression of F0(±k, κ),
which can be written as
F0(±k, κ) =
∫
dξ−√
V−V+
e±ikξ−+i(κ/κH) ln(κHξ−)
κHξ−
. (43)
The integrand being oscillatory in nature, the coefficient
function F0(k, κ) (43) is formally divergent. In order to
regulate this integral we introduce the standard ‘iδ’ reg-
ulator, with small δ > 0, as follows
F δ0 (±k, κ) =
∫
dξ−√
V−V+
(κHξ−)−1 e±ikξ−
× e(δ+iκ/κH) ln(κHξ−) . (44)
In the limit δ → 0, the regulated expression F δ0 (±k, κ)
reduces to F0(±k, κ). By introducing variables b0 = (δ+
iκ/κH) and ξ = k ξ−, we can express regulated coefficient
function as
F δ0 (±k, κ) =
(κH/k)b0
κH
√
V−V+
∫
dξ e±iξ ξb0−1
=
(κH/k)b0 Γ(b0)
κH
√
V−V+
e±ib0pi/2 , (45)
where Γ(b0) is the Gamma function. Given the fidu-
cial box has a finite volume, we have added two
boundary terms ∆IL =
∫ ξL
0
dξe±iξξb0−1 and ∆IR =∫∞
ξR
dξe±iξξb0−1 to make the Gamma function complete.
Both of these terms vanish when one removes the vol-
ume regulators by taking the limit ξL ≡ (k ξL−)→ 0 and
ξR ≡ (k ξR−)→∞. We note an useful property
F δ0 (−k, κ) = epi(κ/κH−iδ) F δ0 (k, κ) . (46)
7Eqn. (46) shows that these coefficient functions satisfy
a relation analogous to the relation between Bogoliubov
coefficients from [1].
C. Consistency condition
The Eqn. (45) together with the relation k := ks =
(2pis/V−) leads to
Sδ+(κ) =
κ |Γ(b0)|2e−piκ/κH
κ2−2δH (2pi)1+2δ
(
ζ(1 + 2δ)
V −2δ− V+
)
, (47)
where ζ(1 + 2δ) =
∑∞
s=1 s
−(1+2δ) is the Riemann zeta
function. Furthermore, the Eqn. (46) implies that
Sδ−(κ) = e2piκ/κH Sδ+(κ). Given ζ(1) is divergent, it is
clear that in order to keep the term Sδ± finite one needs
to remove volume regulators ξL− and ξ
R
− along with the
integral regulator δ. To find the required dependency
among the regulators, we use the regulated expression
(45) such that the consistency condition (34) becomes
sinh(piκ/κH)
pi (κ/κH)−1|Γ(b0)|−2 =
(κHV+)(2pi/κHV−)2δ
ζ(1 + 2δ)
. (48)
Using Gamma function identity Γ(z)Γ(1−z) = pi/ sinpiz,
zeta function identity limδ→0[δ ζ(1 + δ)] = 1 and the
Eqn. (42) one can show that the consistency condition
demands κHξL− ∼ e−1/2δ, i.e. the volume regulator ξL−
and integral regulator δ should be varied together. Once
this limit is taken other volume regulator ξR− drops off
from the expression of Sδ+(κ).
D. Number density of Hawking quanta
Therefore, the expectation value of the number density
operator (38) for a Schwarzschild-Tangherlini black hole
as seen by observer O+ is
Nκ = 〈Nˆκ=ω〉 = 1
e2piω/κH − 1 . (49)
which represents a blackbody distribution at the Hawk-
ing temperature TH ≡ κH/(2pikB) = (n − 3)/(4pikBrH)
[61–63]. Clearly, the Hawking temperature for ST black
hole depends both on its mass M , represented by rH
and the dimensionality of the spacetime n. We also want
to mention that this number density as observed by an
asymptotic observer will be represented by a greybody
distribution, given by
Nω =
Γ(ω)
e2piω/κH − 1 . (50)
In the next section we center our attention on this grey-
body factor.
V. BOUNDS ON THE GREYBODY FACTOR
As discussed in our previous section the spectrum of
Hawking quanta as seen by an asymptotic future observer
is described by a greybody distribution, which is modi-
fied from the blackbody distribution as the wave modes
pass through the black hole spacetime. Any physical ob-
server that intends to detect the Hawking radiation is
expected to be stationed at a far away distance from the
black hole event horizon. Then the estimation of the
greybody factor becomes important to obtain a general
form of the Hawking spectrum to these observers. In lit-
erature researchers have introduced diverse technicalities
[15, 55, 56, 64–70] to estimate these greybody factors. In
this work we are going to provide the bounds on these
greybody factors for ST black holes. Unlike other ap-
proximate methods, these bounds can be estimated for
all frequencies, field angular momentums and spacetime
dimensions.
A. Bounds
To obtain the bound on the greybody factor in ST
black hole spacetime we consider the equation of motion
from Eqn. (13) with the potentials from Eqn. (14) and
Eqn. (15). Eigen-values of the n−dimensional spherical
harmonics are given by Anlm = −l(l+n−3). In FIG.1 we
have depicted the potential as a varying function of the
radial distance r for different spacetime dimensionality n
corresponding to scalar field in bulk and in brane. We
further use these potentials to get the general bounds
on the greybody factor following [34, 35]. These bounds
on the greybody factor, also introduced in [37], can be
expressed as
Γ(ω) ≥ sech2
{∫ ∞
−∞
% dr?
}
, (51)
where
% =
√
(h′)2 + (ω2 − V− h2)2
2h
. (52)
Here V represents the potential, h ≡ h(r?) and h(r?) >
0, which is an arbitrary function satisfying h(−∞) =
h(∞) = ω. We consider two particular functional forms
of h [37] and obtain the resulting bound on the greybody
factor in ST black hole spacetime.
a. case I: Here we consider the situation when h =
ω. For this case % = V/2ω and the bound is given by
Γ(ω) ≥ sech2
{
1
2ω
∫ ∞
rH
V(r)
f(r)
dr
}
. (53)
First, we consider the scalar field in the bulk. Using
the functional form of potential from Eqn. (14) one can
get this bound evaluated to be
Γ(ω) ≥ sech2
{
6 + 4l2 + 4l(n− 3) + n2 − 5n
8ωrH
}
, (54)
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FIG. 1: (a) Plot of the potential V(r) corresponding to a
scalar field in the bulk with respect to the radial coordinate r
for l = 0, rH = 1 and different dimensionality n. (b) Plot of
the potential V(r) corresponding to a brane-localized scalar
field with respect to the radial coordinate r for l = 0, rH = 1
and different dimensionality n.
which is non-zero, finite for any infinitesimally small ω,
i.e. for very small frequency also there is some transmis-
sion amplitude. When ω is large one can series expand
the above quantity and the bound becomes
Γ(ω) ≥ 1−
[
6 + 4l2 + 4l(n− 3) + n2 − 5n]2
64r2Hω
2
+O( 1
ω4
) .
(55)
This result signifies that for very high frequency out-
going waves the potential barrier becomes almost trans-
parent. We observe that for n = 4 the above expression
from Eqn. (54) reproduces the bound obtained for (3+1)
dimensional Schwarzschild black hole [37]. In FIG. 2 we
have depicted the variation of this bound on the grey-
body factor with respect to the frequency ω for different
values of the spacetime dimensionality n. We also ob-
serve that the bound decreases as n increases, see FIG.
2. This feature, also mentioned in [37], is a consequence
of the fact that as n increases the height of the potential
barrier increases and thus the transmission probability
should decrease.
On the other hand one can also consider the brane-
localized scalar field and take the potential from Eqn.
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FIG. 2: (a) Here we plot the bound on the greybody factor
with respect to the frequency ω for l = 1, rH = 1 and different
values of spacetime dimensionality n. (b) Here we provide
the plot of the bound on the greybody factor with respect
to varying spacetime dimension n for l = 1, rH = 1. The
frequency ω = 8 is chosen conveniently. In both of these
cases the considered potential corresponds to a scalar field in
the bulk and the particular assumption on h is h = ω.
(15) to obtain the bound as
Γ(ω) ≥ sech2
{
n+ l(l + 1)(n− 2)− 3
2ωrH(n− 2)
}
. (56)
One can observe that when n = 4 this expression gives
the bound obtained for (3+1) dimensional Schwarzschild
black hole. For large ω this bound can be series expanded
to give
Γ(ω) ≥ 1−
[
n+ l(l + 1)(n− 2)− 3
2rHω(n− 2)
]2
+O
(
1
ω4
)
,
(57)
and similarly for large n one gets,
Γ(ω) ≥ sech2
[
1 + l + l2
2rHω
]
+O
(
1
n
)
. (58)
From Eqn. (57) one can notice that with the rise of
frequency the transmission probability grows also for a
brane-localized scalar field. On the other hand from
Eqn.(54) and Eqn. (58) we observe that unlike the bulk
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FIG. 3: (a) Here we plot the bound on the greybody factor,
corresponding to a brane-localized scalar field, with respect
to different spacetime dimension n for l = 1, rH = 1. (b)
The plot of the ratio of the bounds on the greybody factor,
corresponding to the brane to bulk scalar field, with respect to
varying dimension n for l = 1, rH = 1. For both of the cases
the frequency ω = 8 is chosen conveniently and the particular
assumption on h is h = ω.
case the lower bound on the greybody factor never goes
to zero even for infinitely large n for a scalar field in
3−brane. From FIG. 3 we observe that this bound slowly
decreases as n increases for a brane localized scalar field
compared to the field in bulk. Besides, in this particular
figure we observe that the ratio of these bounds for brane
to bulk is always greater than one and increases as the
spacetime dimensionality increases. This suggests that
for a ST black hole with large extra spatial dimensions
most of the Hawking emission arrives to an asymptotic
observer in 3−brane.
b. case II: In this part we consider the ansatz h =√
ω2 − V [37]. With this form of h the expression of %
from Eqn. (52) gets simplified and the bound on the
greybody factor can be represented by the integral
Γ(ω) ≥ sech2
{
1
2
∫ ∞
−∞
|h′|
h
dr?
}
. (59)
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FIG. 4: (a) Here we plot the bound on the greybody factor
with respect to the frequency ω for l = 0, rH = 1 and different
values of spacetime dimension n. (b) The plot of the bound
on the greybody factor with respect to varying spacetime di-
mensionality n for l = 0, rH = 1 and a conveniently chosen
frequency ω = 8. Both of the plots correspond to a scalar
field in the Bulk and the considered case is h =
√
ω2 − V.
After carrying out the integration we get
Γ(ω) ≥ sech2
{
− ln
(√
ω2 − Vpeak
ω
)}
, (60)
where Vpeak represents the maximum value or the peak
value of the potential V. One can observe from this
bound that it has meaning only when ω2 > Vpeak. The
region ω2 < Vpeak is classically forbidden and do not
contribute to this particular calculation. The expression
of the bound from Eqn. (60) can be further simplified to
Γ(ω) ≥ 1− V
2
peak
(2ω2 − Vpeak)2 . (61)
To estimate this bound explicitly for certain frequency
ω, angular momentum l and spacetime dimensionality
n, one needs to evaluate the value of rpeak which corre-
sponds to the Vpeak in each case. We have numerically
done this particular computation for l = 0 and also for
varying l for a scalar field in both bulk and in the brane.
We have observed that when l = 0 the plot given in
FIG. 4 shows similar characteristics as was obtained from
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FIG. 5: (a) Here we plot the bound on the greybody factor,
corresponding to a brane-localized scalar field, with respect
to different spacetime dimension n for l = 1, rH = 1. (b)
The plot of the ratio of the bounds on the greybody factor,
corresponding to the brane to bulk scalar field, with respect to
varying dimension n for l = 1, rH = 1. For both of the cases
the frequency ω = 8 is chosen conveniently and the particular
assumption on h is h =
√
ω2 − V.
the previous case for a scalar field in the bulk. We have
seen that as ω increases the bound increases and poten-
tial barrier becomes more transparent FIG. 4, i.e. high
frequency wave modes travel much smoothly than the low
frequency modes through the potential barrier. Here also
as the spacetime dimensionality n increases the bound
decreases, see FIG. 4. However in this particular case
one can not expect to get the bound for arbitrarily small
frequency w, as ω2 < Vpeak was excluded from the cal-
culation. One can also analytically obtain the value of
rpeak corresponding to a scalar field in the bulk, when
l = 0, and it is given by
rpeak = rH
[
n− 1 + (n− 3)√4n− 7
2 (n− 2)2
]− 1n−3
, (62)
where for few values of the spacetime dimension n we
have tabulated the corresponding rpeak and Vpeak as
n = 4 rpeak = 4rH/3 Vpeak = 0.105/r2H
n = 5 rpeak = 1.267rH Vpeak = 0.505/r2H
n = 6 rpeak = 1.226rH Vpeak = 1.269/r2H
n = 7 rpeak = 1.197rH Vpeak = 2.432/r2H
n = 8 rpeak = 1.176rH Vpeak = 4.017/r2H
where we explicitly observe that as n increases rpeak gets
nearer to the horizon and the value of Vpeak increases for
a given horizon radius rH . For a brane localized scalar
field we have, when l = 0, the expression of rpeak as
rpeak = rH
[
n− 1
2 (n− 2)
]− 1n−3
. (63)
Some of the values of this rpeak and corresponding Vpeak
for different spacetime dimensionality n are tabulated be-
low
n = 4 rpeak = 4rH/3 Vpeak = 0.105/r2H
n = 5 rpeak = 1.225rH Vpeak = 0.296/r2H
n = 6 rpeak = 1.170rH Vpeak = 0.514/r2H
n = 7 rpeak = 1.136rH Vpeak = 0.744/r2H
n = 8 rpeak = 1.114rH Vpeak = 0.980/r2H
where rpeak and Vpeak shows the behavior similar to
the scalar field in the bulk. However the increment in
Vpeak with respect to the dimension n is lesser compared
to the bulk. From Eqn. (61) it is observed that as the
value of Vpeak increases the bound on the greybody fac-
tor decreases. Then the above tables imply that the grey-
body factor decreases with increasing spacetime dimen-
sionality. In FIG. 5 one can observe that for a brane-
localized scalar field the bound on the greybody factor
decreases as the spacetime dimensionality n increases.
In the second part of the same figure we have also plot-
ted the ratio of the brane to bulk bound on the greybody
factor. We observed that this quantity is always greater
than one and increases as n increases to large values,
suggesting that for large extra dimensions the black hole
emit Hawking radiation mainly in the brane. When l > 0
the analytical expression of rpeak for a scalar field in the
bulk can be given by
rpeak = rH
[
−γ1 +
√
γ21 + 4γ2
2 (n− 2)3
]− 1n−3
, (64)
where γ1 = (n − 1)
[
2 + 2l2 + 2l(n− 3)− n] and γ2 =
(n−2)3 [(n− 2)2 + 2γ1/(n− 1)], which also asserts that
for a fixed l the value of rpeak gets nearer to the event
horizon as higher dimensions are considered. On the
other hand for a brane localized scalar field, when l > 0,
we have
rpeak = rH
[
γ3 +
√
γ23 + 16l(l + 1)γ4
4 γ4
]− 1n−3
, (65)
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FIG. 6: (a) Here we plot the bound on the greybody factor for
a scalar field in Bulk with respect to varying spacetime dimen-
sionality n for rH = 1, different values of l and a conveniently
chosen frequency ω = 8. (b) Here we plot the bound on the
greybody factor for a scalar field in 3−Brane with respect to
varying spacetime dimensionality n for rH = 1, different val-
ues of l and a conveniently chosen frequency ω = 8. Both of
the plots correspond to the second case h =
√
ω2 − V.
where γ3 = −(3+l+l2−n)(n−1) and γ4 = (n−3)(n−2).
We have provided a plot in FIG. 6 depicting the bound
on the greybody factor with respect to the spacetime
dimension n for l > 0 corresponding to bulk and brane-
localized scalar fields. It is observed that as n increases
the bound decreases even for different l(6= 0). On the
other hand from FIG. 7 it is observed that the brane
to bulk ratio of the bound increases as the spacetime
dimensionality n increases. This further reaffirms that
the quanta of the Hawking effect, with large number of
extra dimensions, is mostly radiated in the brane.
VI. DISCUSSION
Higher dimensional black holes provide some very in-
teresting black hole spacetimes. In this work we have con-
sidered a n−dimensional Schwarzschild-Tangherlini black
hole spacetime and shown that the action corresponding
to massless minimally coupled free scalar fields both in
the bulk and in 3−brane can be simplified to express a
(1 + 1) dimensional flat spacetime in the near horizon
and asymptotic regions. This particular characteristic
allows one to express the field modes in terms of plane
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FIG. 7: Here we plot the ratio of the bounds for brane to
bulk localized scalar fields with respect to varying spacetime
dimensionality n for rH = 1, different values of l and a con-
veniently chosen frequency ω = 8. This plot corresponds to
the second case h =
√
ω2 − V.
wave solutions in these regions, a feature necessary for
the formulation of the Hawking effect. Then with the
help of the near-null coordinates [5, 13, 14] we provided a
Hamiltonian based derivation of the Hawking effect in the
Schwarzschild-Tangherlini black hole spacetime. We ob-
served that the temperature corresponding to the Hawk-
ing effect is dependent on the spacetime dimensionality
and same for both the bulk and brane-localized scalar
field. The second feature is obvious as the temperature
corresponding to the Hawking effect only depends on the
black hole horizon and for both of the cases the horizon
structure is the same. However, the geometries outside
the horizon are different, which results in different form
of the greybody factors in bulk and in the brane. We
observed that the bounds on the greybody factors for
both bulk and brane-localized scalar field decrease as the
spacetime dimensionality n increases, a phenomenon also
mentioned in [46] for bulk scalar fields. We noticed that
this decrease is slower for the case of a brane-localized
scalar field. We have also observed for both the bulk and
brane-localized scalar field that as the frequency increases
the bound on the greybody factor increases signifying
that the potential barrier becomes more transparent cor-
responding to the field modes of higher frequency. These
bounds from Eqn. (54) and Eqn. (56), also predict that
as the angular momentum quantum number l increases
the transmission of the field modes through the potential
barrier gets depleted. We have further observed that as
the spacetime dimensionality n increases the ratio of the
bounds on the greybody factor for brane to bulk increases
and this quantity is always greater than one. This signi-
fies that for a higher dimensional black hole with large ex-
tra spatial dimensions the Hawking emission gets specif-
ically restricted to the brane, which is widely predicted
in the literature [27, 44, 71]. However, in this work we
have inferred this entirely from the consideration of the
bounds on the greybody factor. Most of the calculations
related to these bounds can be analytically performed
and they are valid in the entire frequency regime of the
12
Hawking spectra for all values of the angular momentum
quantum number l. We want to mention that one can
also calculate these bounds on the greybody factor ex-
plicitly for the higher dimensional rotating black holes
[42, 71, 72] and study the corresponding dependence on
the spacetime dimensionality.
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